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Abstract
A new force is proposed in order to explain galactic rotation curves.
CPT is chosen as the underlying symmetry of the new force because it is a
universal spacetime symmetry. Local CPT transformations are presented
for the Dirac field (matter) and the vierbein describing curved spacetime.
A nonvanishing variation of the Dirac action in curved spacetime is thus
derived. Because the metric spin connection of general relativity cannot
accommodate the variation induced by the local CPT symmetry, a new
gauge field is introduced. The transformation of the new field is derived
which implies the new field is massless. Experimental speculations based
on the zero mass of the new gauge field are presented. It is shown that
one type of Yang-Mills Lagrangian density is not invariant under local
CPT transformations.
1 INTRODUCTION
We gauge the CPT transformation in order to unveil a new spacetime dynamical
degree of freedom, i.e. a new force, with the hope this could shed some light on
current problems involving gravity. In particular, the galactic ”dark matter”
problem will be addressed in this paper.
The basic idea is simple - instead of having unknown matter source a required
gravitational field, why not consider known matter as a source for a new force?
All of the currently known forces can be derived by gauging certain continuous
global symmetries, hence it would seem interesting to gauge the CPT symmetry
- even though it is a discrete global symmetry - just to see what happens. We
note that the CPT symmetry has been experimentally verified and requires no
more dimensions than the four which we know exist. In other words, a natural
basis exists for the notion of gauging CPT.
Specifically, it is the mass independent acceleration appearing in the galactic
rotation curves which suggests gauging CPT. First, CPT is a universal sym-
metry as are the global proper orthochronous Lorentz transformations which
- when gauged - lead to the spin connection formulation of general relativity
1
[1]. Second, PT is also a proper Lorentz transformation which suggests that it
should be included in gauging the full Lorentz group. These two characteristics
shared with the spin connection formulation of general relativity suggest that if
a new force is uncovered by gauging CPT, then it would obey the principle of
equivalence - a mass independent acceleration will occur.
CPT is particularly intriguing because it is the offspring of the phenomeno-
logically successful union - quantum field theory - of the global theory of special
relativity with quantum mechanics. By gauging CPT along with special rela-
tivity, perhaps we can elevate the status of CPT to that of a ”bridge” needed for
the unification of general relativity with quantum theory by unveiling additional
spacetime dynamical degrees of freedom.
2 THE TRANSFORMATIONS
At first glance it may not appear possible to gauge CPT because there are no
important continuously varying parameters involved with the CPT transforma-
tion. A U(1) phase could be included in the CPT transformation of the Dirac
spinor ψ ; however, we ignore this because it can be absorbed into the U(1)
gauge transformation associated with the electroweak interactions. Locality
would also seem to be a problem. Except for an infinitesimal neighborhood
around the origin of a Minkowski manifold, P and T are not local transforma-
tions.
We examine the CPT transformation at the origin of an inertial reference
frame in order to overcome the above obstacles. The effect of the global CPT
transformation at the origin of a Minkowski spacetime coordinate system is to
”flip” the coordinate axes and transform a Dirac wavefunction from ψ to iγ5ψ
(we are using Bjorken-Drell conventions). If a nontrivial spacetime analog
of the charge conjugation operation exists, then we would have to include its
effect. We assume no such spacetime operation exists: C = I, where I is
just the identity, for spacetime only. In other words, we assume there is no
such thing as an ”antispacetime” distinct from spacetime. An attempt to find
a nontrivial spacetime C operation is contained in [2]. To picture what is
going on, we introduce a vierbein field e µa , where µ represents the manifold
coordinates and a represents the local inertial frame coordinates. We define a
local CPT transformation as the application of these ”origin transformations” to
vierbein and wavefunctions at arbitrarily chosen points in a pseudo-Riemannian
spacetime manifold.
The choice of where we want to perform a local CPT transformation will, in
part, play the role of the arbitrarily chosen continuous parameters appearing in
gauge theories. In order to make this concept precise, we introduce a real scalar
function, f ∈ C1, defined over the entire manifold to be used as the argument of
step functions Θ. In the arbitrary regions where we choose to perform the local
CPT transformations, we set f > 0 so that Θ [f ] = 1. In the arbitrary regions
where we choose not to perform local CPT transformations, we set f < 0 so
that Θ [−f ] = 1. The boundaries between regions where local CPT is carried
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out and where it is not are given by f = 0 with the convention that Θ [f ] = 0
if f ≤ 0.
We emphasize that f is not a physical field. The step functions, Θ, are
parameters which define when the local CPT transformations are carried out
(or not). The Θ are just like the λ used in the gauging of U (1) except that
there are only two choices regarding the discrete CPT symmetry instead of the
continuum of choices for λ to be used in the U (1) symmetry operation eiλ. To
make the U (1) operation local, one makes λ an arbitrary function of spacetime
subject only to the condition that λ is differentiable. Similarly, the function f
is introduced in order to make the arbitrary choice of carrying out local CPT
(f > 0) or not (f < 0) at the points of interest. The function f plays the same
role as replacing a constant λ by λ (x). The only restriction placed on f is
that it be differentiable so that ∂µΘ [±f ] = ±δ [f ]∂µf makes sense (δ being
the Dirac delta functional).
Because we are utilizing the proper spacetime transformation PT, it would
be prudent to see if the metric spin connection ωµab alone could accommodate
local CPT transformations. To this end, we also include local proper Lorentz
rotations wherever f > 0. The Lorentz rotations, Λ, are denoted by Λ ba and Λψ
for the vierbein and Dirac wavefunction respectively. In effect, we are gauging
the CPTΛ transformation of the Dirac field to induce the gauging of the full
group of proper spacetime Lorentz transformations.
Putting all of the above together, we have the following local CPTΛ trans-
formations:
e µa → Θ [−f ] e
µ
a −Θ [f ] e
µ
b Λ
b
a , (1)
ψ → Θ [−f ]ψ +Θ [f ] iγ5Λψψ, (2)
ψ → Θ [−f ]ψ +Θ [f ] iψγ5Λψ, (3)
ωµab → Θ [−f ]ωµab +Θ [f ] ω˜µab + δ [f ] Θ [−f ] ςµab + δ [f ] Θ [f ] ς˜µab, (4)
where
ωµab =
1
2
e νa (∂µebν − ∂νebµ)−
1
2
e νb (∂µeaν − ∂νeaµ)−
1
2
e ρa e
σ
b (∂ρerσ − ∂σerρ) e
r
µ
and ω˜µab is the transformation of ωµab under CPTΛ and ςµab, ς˜µab are boundary
terms arising from the differentiation of the vierbein transformations in the
metric spin connection. The explicit expressions for ω˜µab, ςµab, and ς˜µab are
in appendix B. The coordinate axes ”flip” is given by the −Θ [f ] in eq. (1).
The volume element transforms as ed4x → (Θ [f ] + Θ [−f ]) ed4x, where e =
det
(
eaµ
)
. Clearly, these transformations are well defined in curved spacetime.
If one feels uncomfortable with the defining transformation equations 1-
4 because they appear unphysical (due to the discontinuities), then one need
only look at the usual gauge theories to see that those defining transformation
equations are also unphysical - hence the need to introduce the compensating
(i.e., gauge) fields. We return to the example of U (1) to illustrate how this
occurs. We start with ψ → eiλ(x)ψ and examine 〈ψ |px|ψ〉, where px is the
3
momentum operator in the x dimension. Under the U (1) transformation we
see that:
〈ψ |px|ψ〉 →
〈
eiλ(x)ψ
∣∣∣∣−ih¯ ∂∂x
∣∣∣∣ eiλ(x)ψ
〉
= −ih¯
〈
ψ
∣∣∣∣i∂λ∂x
∣∣∣∣ψ
〉
+ 〈ψ |px|ψ〉 .
Now, if one considers the specific case of ψ representing a free particle with-
out any forces present, then we see that the term −ih¯
〈
ψ
∣∣i∂λ
∂x
∣∣ψ〉 introduces
variations in the momentum. In other words, the free particle undergoes arbi-
trary changes in its motion without any forces present - clearly an unphysical
situation.
The presence of discontinuities in the defining transformations are just a
reflection of the fact that the CPT symmetry is a discrete symmetry rather than
a continuous symmetry. It is important to accept that the CPT transformation
is discrete, handle accordingly, and be aware of possible novel terms arising in
the free-field Lagrangian due to the discrete nature of the transformations.
To make sense of such expressions, we demand that discontinuities contain-
ing δ [f ] disappear from the Lagrangian (i.e., the action integral). The result-
ing field equations - and ensuing physical predictions - will therefore be free
of discontinuities. This requirement is exactly analogous to requiring gauge
invariance of expressions appearing in the Lagrangians of other gauge theo-
ries1. Indeed, returning to ωµab, it will be shown that the free-field Lagrangian
(the scalar curvature R) constructed from ωµab is invariant under local CPTΛ
transformations up to removable singularities occurring where f = 0. These
particular singularities have no effect on the action and so can be ignored.
3 VARIATION OF THE DIRAC ACTION
We begin with the Hermitian form of the Dirac Lagrangian density which gives
us the unvaried action:
S =
∫ {
i
2
[
ψγae µa ∂µψ − e
µ
a ∂µψγ
aψ
]
−mψψ
}
ed4x, (5)
wherem is the mass of the Dirac particle, γa are the Dirac gamma matrices, and
natural units are used. We apply transformations (1)-(3) to eq. (5) to obtain
the transformed action S′. We note that ∂µ (Θ [±f ]h) = (±δ [f ]∂µf)h +
Θ [±f ] (∂µh), where h is an ”ordinary” function. Also, terms with coefficients
Θ [−f ]Θ [f ] and Θ [−f ]Θ [f ] δ [f ] integrate to 0 (independent of the convention
for Θ [0]) and are dropped. Appendix A discusses how to handle various terms
1The free-field term, Tr (FµνFµν), in these theories transforms gauge covariantly as
Tr
(
ΩFµνFµνΩ−1
)
. By the cyclic property of traces, however, this is equal to Tr (FµνFµν).
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containing products of delta functionals and step functions We obtain:
S′ =
∫
Θ [−f ]
{
i
2
[
ψγae µa ∂µψ − e
µ
a ∂µψγ
aψ
]
−mψψ
}
ed4x
+
∫
Θ [f ]
{
i
2
(
∂µψΛψ + ψ∂µΛψ
)
e
µ
b Λ
b
a γ
aΛψψ
}
ed4x
−
∫
Θ [f ]
{
i
2
ψΛψγ
ae
µ
b Λ
b
a (∂µΛψψ + Λψ∂µψ)
}
ed4x
+
∫
Θ [f ]mψψed4x
+
i
2
∫
δ [f ]∂µf
{
Θ [−f ] ie µa ψ
(
γaΛψ + Λψγ
a
)
γ5ψ
}
ed4x
−
i
2
∫
δ [f ]∂µf
{
Θ [f ] ie µb Λ
b
aψ
(
Λψγ
a + γaΛψ
)
γ5ψ
}
ed4x.
A couple of remarks are in order before calculating the variation of the
action δS. First, by setting f > 0 everywhere, we see that the local CPTΛ
transformations give the same form of the transformed action S′ as a global
CPTΛ transformation acting on the action in Minkowski spacetime. Hence,
we have a well defined transition from local CPTΛ to global CPTΛ valid in
curved spacetime. Second, S → −S under global CPT in Minkowski spacetime.
Therefore, the equations of motion for ψ and ψ are invariant under global CPT
but the action is not. So, we must be careful in defining δS as δS = S′ −
S. To obtain a vanishing δS under global CPT transformations we would
have to multiply S′ by a factor of −1 before subtracting S. Therefore, we
multiply each volume integral occurring where f > 0 in S′ (i.e. the Θ [f ]
terms) by an additional factor of −1. We do not multiply the surface integrals
containing Θ [f ] in S′ (i.e. the Θ [f ] δ [f ] terms) by −1 simply because there are
no corresponding surface integrals in S.
If one feels uncomfortable with the inclusion of the extra −1, then one could
leave it out and realize that δS = S′CPT − S = −2S is the signature of the
global CPT symmetry (S′CPT being the action obtained under global CPT ).
Any changes caused by the introduction of the local CPTΛ symmetry would
result in δS = −2S + δSD where the expression for δSD would be exactly the
same as obtained below. One then obtains:
δS =
i
2
∫
Θ [f ]
{
ψ
(
e
µ
b Λ
b
aΛψγ
aΛψ − e
µ
a γ
a
)
∂µψ
}
ed4x (6)
−
i
2
∫
Θ [f ]
{
∂µψ
(
e
µ
b Λ
b
aΛψγ
aΛψ − e
µ
a γ
a
)
ψ
}
ed4x
5
+
i
2
∫
Θ [f ] e µb Λ
b
aψ
(
Λψγ
a∂µΛψ − ∂µΛψγ
aΛψ
)
ψed4x
−
1
2
∫
δ [f ] ∂µfΘ [−f ] e
µ
a ψ
(
γaΛψ + Λψγ
a
)
γ5ψed4x
+
1
2
∫
δ [f ] ∂µfΘ [f ] e
µ
b Λ
b
aψ
(
γaΛψ + Λψγ
a
)
γ5ψed4x.
We now examine the volume integrals occurring in eq. (6). From the
identity Λ baΛψγ
aΛψ = γ
b, we see that the first two volume integrals vanish. The
remaining integral containing ∂µΛψ and ∂µΛψ will vanish upon the introduction
of the metric spin connection term ωµabσ
ab as part of the covariant derivative
acting on ψ and ψ, ∂µψ → ∂µψ +
1
2ωµabσ
abψ and ∂µψ → ∂µψ −
1
2ωµabψσ
ab,
where σab = 14
[
γa, γb
]
(we are not using Bjorken-Drell conventions for σab).
Introducing the metric spin connection into the covariant derivative results in an
interaction term, Sω =
i
4
∫
e µa ωµbcψ
{
γa, σbc
}
ψed4x, which needs to be added
to eq. (5). The effect on the action due to the variation of the metric spin
connection under gauge CPTΛ will be denoted by δSω.
The boundary integrals in eq. (6) can be simplified by again using the
above identity. Including the metric spin connection ωµab, one then obtains
δS = δSD + δSω, where
δSD = −
1
4
∫
δ [f ]∂µf
{
e µa ψγ
5
([
γa,Λψ
]
+ [Λψ, γ
a]
)
ψ
}
ed4x, (7)
and
δSω =
i
16
∫
δ [f ]∂µfψ
{
γa, σbc
}
ηade
µ
b
(
Λ dc + Λ
d
c
)
ψed4x (8)
−
i
16
∫
δ [f ] ∂µfψ
{
γa, σbc
}
ηbde
µ
c
(
Λda + Λ
d
a
)
ψed4x
+
i
16
∫
δ [f ] ∂µfψ
{
γa, σbc
}
ηbde
µ
a
(
Λdc − Λ
d
c
)
ψed4x
+
i
16
∫
δ [f ] ∂µfψΛψ
{
γa, σbc
}
Λψηbde
µ
i Λ
i
a
(
Λ dc − Λ
d
c
)
ψed4x
−
i
16
∫
δ [f ] ∂µfψΛψ
{
γa, σbc
}
Λψηbde
µ
i Λ
i
c
(
δda + Λ
d
a + Λ
d
a
)
ψed4x
+
i
16
∫
δ [f ] ∂µfψΛψ
{
γa, σbc
}
ΛψηbdΛ
d
ie
iµ
(
ηcjΛ
j
a + ηajΛ
j
c
)
ψed4x,
where ηab is the Minkowski metric tensor (+,-,-,-), Λ
b
a are the inverses of Λ
b
a , and
we note that the expressions Θ [±f ] δ [f ]∂µf integrate the same as
1
2δ [f ] ∂µf .
We see that if Λψ = Λψ = I, then δSD = 0. This means that the intro-
duction of f is not enough to gauge CPT; we must also include local Lorentz
rotations in order to obtain a nonvanishing δS under local CPT transforma-
tions. The introduction of local Lorentz rotations requires the introduction of
the metric spin connection ωµab as noted above.
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We now show that the introduction of the local CPT transformations unveils
new physical phenomena distinct, yet coupled, to general relativity. If δSD = 0
identically, then nothing new is going on other than defining the CPT symmetry
locally on a curved manifold. If δSD 6= 0 but δSD+δSω = 0, then the local CPT
transformations are just a part of general relativity without any new physics.
If δSD 6= 0 and δSD+ δSω 6= 0, then general relativity cannot accommodate the
local CPT symmetry. We then introduce a new gauge field Xµ to arrive at an
expanded action invariant under local CPTΛ transformations. The proof that
there exists at least one transformation such that δSD 6= 0 and δSD + δSω 6= 0
is done by explicit construction using a simple choice for local Lorentz rotations
corresponding to a velocity boost along the x-axis of Minkowski spacetime. The
nonvanishing components of Λ for this transformation are Λ 22 = Λ
3
3 = Λ
2
2 =
Λ33 = 1, Λ
0
0 = Λ
1
1 = Λ
0
0 = Λ
1
1 = coshω, Λ
1
0 = Λ
0
1 = −Λ
1
0 = −Λ
0
1 = sinhω,
ΛI = cosh
ω
2 , and Λ10 = sinh
ω
2 ; where ΛI , Λ5, and Λab are defined by the
expansion of Λψ: Λψ = ΛII+Λ5γ
5+Λabσ
ab. It is straightforward to show that
such a Λ applied in regions where f > 0 satisfies the above criteria that new
physical phenomena is unveiled by gauge CPTΛ. Under this transformation
one obtains from eqs. (7) and (8):
δSD = − sinh
ω
2
∫
δ [f ] ∂µfψ
(
e
µ
0 γ
5γ1 + e µ1 γ
5γ0
)
ψed4x,
and
δSω =
3
64
sinhω (coshω − 1)
∫
δ [f ] ∂µfψ
(
e
µ
2 γ
5γ3 − e µ3 γ
5γ2
)
ψed4x,
where ω = tanh−1
(
v
c
)
, v and c being the velocities of the boost and light
respectively. Because the γ5γa are linearly independent, we see that δSD 6= 0,
δSω 6= 0, and δSD + δSω 6= 0 for this choice of transformation. The fact
that δSω 6= 0 means that general relativity is not invariant under local CPTΛ
transformations. Therefore, the new gauge field Xµ must also compensate for
the inhomogeneous (i.e. δ [f ]) terms arising from the transformation of ωµab
under local CPTΛ transformations. Thus, we see from variational arguments
that the new gauge field and general relativity are coupled.
One might be concerned about the appearance of the two types of disconti-
nuities - δ [f ] and Θ [±f ] - within the framework of the calculus of variations.
Now is an appropriate point to address this issue because it allows for a summary
of what we have done and where we are going.
We first discuss the appearance of δ [f ] discontinuities. The only point
where δ [f ] terms can be considered as part of the variational theory is at the
beginning, where it is shown that the initial action integrals (SD, Sω, SD + Sω)
are not invariant under the local CPTΛ transformations. Definite integrals
are not limited to continuous or differentiable functions. Because the natural
setting of delta functionals is under the definite integral sign, the discontinuities
present when evaluating δSD, etc. present no mathematical issues in evaluating
the various transformed action integrals. Discontinuities containing Θ [±f ] δ [f ]
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also pose no problem because they integrate the same as 12δ [f ] (see appendix
A). Most importantly, the concept of testing for a variation of an action inte-
gral under local transformations is not changed by the use of the local CPTΛ
transformations.
After we introduce the new gauge field Xµ, we then construct functions of
the fields which are required to be free from any appearance of δ [f ]. Once these
functions of the fields (e.g., the curvature scalar R formed from ωµab) are found,
then the usual machinery of the calculus of variations can be used without any
problems - the δ [f ] discontinuities are not present in the Lagrangian. Indeed,
the presence of δ [f ] terms is precisely the reason we will use for rejecting a mass
term for Xµ.
We now discuss the appearance of the second type of discontinuities - Θ [±f ]
terms. These just cause a partitioning of the original unvaried action integral
into unvaried integrals (where f < 0) and transformed integrals (where f >
0). None of these integrals contains any discontinuities. Once a complete
Lagrangian is found such that the transformed action splits into only Θ [±f ]
regions without any surface integrals arising from δ [f ], then we can obtain some
important results. The Θ [f ] regions will allow us to find how Xµ transforms
under the global CPTΛ transformation. The Θ [−f ] regions will give us the
Lagrangian density we are looking for. This is the Lagrangian density - free of
any discontinuities and presence of f - which can subsequently be used in the
standard calculus of variations to find field equations and conserved quantities.
Unfortunately, the correct Xµ free-field term remains to be found.
4 INTRODUCTION OF THE NEW GAUGE
FIELD
In order to create an action invariant under local CPTΛ transformations, we
postulate the existence of a new gauge field Xµ minimally coupled to ψ and ψ
via a covariant derivative including the metric spin connection ωµab. We now
turn to the task of determining the transformation equations for Xµ under local
CPTΛ transformations which will lead to the structure of Xµ.
The first step in determining the transformation of Xµ is to notice that both
δSD and δSω are boundary integrals, i.e. they contain the terms δ [f ]∂µf .
Also, eq. (4) contains the terms Θ [−f ] δ [f ] ςµab and Θ [f ] δ [f ] ς˜µab which need
to be cancelled out by the transformation of Xµ under local CPTΛ transforma-
tions. Hence, the transformation of Xµ under local CPTΛ transformations is
postulated to be of the form:
Xµ → Θ [−f ]Xµ +Θ [f ] X˜µ +Θ [−f ] δ [f ]Yµ +Θ [f ] δ [f ] Y˜µ. (9)
One could also add a term δ [f ]Zµ to the transformation of Xµ. It can be
shown that such a term does not eliminate the need for the Θ [−f ] δ [f ]Yµ
and Θ [f ] δ [f ] Y˜µ terms and would only seem to add unnecessary complications.
Hence, the introduction of δ [f ]Zµ will not be pursued further.
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We introduce the covariant derivatives, Dµψ, Dµψ:
Dµψ = ∂µψ +
1
2
ωµabσ
abψ + βXµψ, (10)
and
Dµψ = ∂µψ −
1
2
ωµabψσ
ab + β∗ψγ0X†µγ
0,
where β is the coupling constant. The first order theory [2,3] unveiled only
the γ5 components of Xµ. However, from eqs. (7) and (8), we see that other
components are also needed. So, we treat Xµ as a matrix: Xµ = xµnΓ
n, where
the xµn are the dynamical components of Xµ; and the Γ
n are the 16 linearly
independent matrices I, γ5, γa, γ5γa, and σab.
The replacement of ∂µψ and ∂µψ in eq. (5) by eqs. (10) results in an ex-
panded action, SDωX , which will determine Yµ and Y˜µ upon requiring δSDωX =
0. The form of X˜µ, the transformation of Xµ under global CPTΛ transfor-
mations, is determined by requiring the Θ [f ] term of the transformed SDωX to
change sign, just as in (6).
We determine Yµ and Y˜µ by requiring the transformation of the expanded
action to have no terms containing δ [f ]. By simply substituting the transfor-
mation eqs. (2-4, 9, 10) into eq. (5) and setting the sums of all terms containing
Θ [−f ] δ [f ] and Θ [f ] δ [f ] separately to zero, we can straightforwardly solve for
Yµ and Y˜µ. We obtain:
Yµ = β
−1
[
∂µf
(
I − iγ5Λψ
)
−
1
2
ςµabσ
ab
]
, (11)
and
Y˜µ = β
−1
[
∂µf
(
−I − iγ5Λψ
)
−
1
2
ς˜µabσ
ab
]
.
We note that γ5Λψ and γ
5Λψ are linear combinations of I, γ
5, and σab; so we
see that only eight of the possible 16 Γn are needed. We assume that Xµ has
only these eight xµn dynamical components: Xµ = xµII + xµ5γ
5 + xµabσ
ab.
We now turn our attention to finding X˜µ by again substituting the transfor-
mation eqs. (1-4) and (9) into the expanded action obtained by replacing ∂µψ
and ∂µψ by Dµψ and Dµψ in eq. (5). As mentioned above, we require that the
Θ [f ] terms in the expanded action change sign and cancel out the corresponding
unvaried terms of the expanded action in the regions where f > 0. We obtain
9
from the Θ [f ] terms:
e
µ
b Λ
b
aψΛψγ
a
(
(∂µΛψ)ψ + Λψ∂µψ +
1
2
ω˜µcdσ
cdΛψψ + βγ
5X˜µγ
5Λψψ
)
−e µb Λ
b
a
(
∂µψ
)
Λψγ
aΛψψ − e
µ
b Λ
b
a
(
ψ∂µΛψ −
1
2
ω˜µcdψΛψσ
cd
)
γaΛψψ
−e µb Λ
b
a β
∗ψγ5Λψγ
0X˜†µγ
0γ5γaΛψψ
= e µa ψγ
a
(
∂µψ +
1
2
ωµcdσ
cdψ + βXµψ
)
−e µa
(
∂µψ −
1
2
ωµcdψσ
cd + β∗ψγ0X†µγ
0
)
γaψ.
The above equation naturally splits into three parts:
e
µ
b Λ
b
a
(
ψΛψγ
aΛψ∂µψ −
(
∂µψ
)
Λψγ
aΛψψ
)
= e µa
(
ψγa∂µψ −
(
∂µψ
)
γaψ
)
,
(12)
e
µ
b Λ
b
aψΛψγ
a
(
(∂µΛψ)ψ +
1
2
ω˜µcdσ
cdΛψψ
)
−e µb Λ
b
a
(
ψ∂µΛψ −
1
2
ω˜µcdψΛψσ
cd
)
γaΛψψ
=
1
2
e µa ωµcdψ
{
γa, σcd
}
ψ,
and
e
µ
b Λ
b
aψ
(
βΛψγ
aγ5X˜µγ
5Λψ − β
∗γ5Λψγ
0X˜†µγ
0γ5γaΛψ
)
ψ
= e µa ψ
(
βγaXµ − β
∗γ0X†µγ
0γa
)
ψ.
The first equation is just the identity e µb Λ
b
aΛψγ
aΛψ = e
µ
a γ
a. The second equa-
tion is the minimal coupling condition of general relativity used to compensate
for the introduction of local Lorentz rotations. The last is the equation used to
determine the transformation of Xµ under global CPTΛ transformations. Use
of the above identity in the last equation gives us:
γ5
(
β∗Λψγ
0X˜†µγ
0Λψγ
a − βγaΛψX˜µΛψ
)
γ5 = βγaXµ − β
∗γ0X†µγ
0γa.
From this result and the assumption that Xµ is a linear combination of only I,
γ5, and σab; we obtain:
X˜µ = γ
5ΛψXµΛψγ
5 = ΛψXµΛψ. (13)
We temporarily retain the γ5 in eq. (13) to emphasize that the transformations
are CPTΛ and not merely Λ.
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5 ISSUES REGARDING THE FREE-FIELD
LAGRANGIAN
First, we examine the possibility of a mass termMTr
(
XµX
µ†
)
- which must be
invariant under local CPTΛ transformations - in the total Lagrangian density.
Substitution of eqs. (9), (11), and (13) into the mass term leads to:
MTr
(
XµX
µ†
)
→MTr
{
Θ [−f ]XµX
µ† +Θ [f ] ΛψXµΛψΛ
†
ψ
Xµ†Λ†ψ
}
(14)
+MTr
{
Θ [−f ] δ [f ]
(
XµY
µ† + YµX
µ†
)}
+MTr
{
Θ [f ] δ [f ]
(
ΛψXµΛψY˜
µ† + Y˜µΛ
†
ψ
Xµ†Λ†ψ
)}
+MTr
{
Θ [−f ] δ [f ] δ [f ]YµY
µ† +Θ [f ] δ [f ] δ [f ] Y˜µY˜
µ†
}
.
All terms containing δ [f ] must vanish if Xµ is to have a non-zero mass.
We turn our attention to the terms containing δ [f ] δ [f ] which must vanish
simply because the product of the delta functionals is not defined. Substitution
of the expressions for Yµ and Y˜µ yields:
4
ββ∗
MΘ [−f ] δ [f ] δ [f ]
{
∂µf∂
µf
[
(1− iΛ5)
2
+ (ΛI)
2
+ 2Λ0bΛb0
+
1
2
ΛabΛab
]
+
1
2
∂µfςµabΛcd
(
η0cεabd0 − η0aεcdb0
)
+
1
2
ς a0µ ς
µ0
a
+
1
8
ς abµ ς
µ
ab
}
+
4
ββ∗
MΘ [f ] δ [f ] δ [f ]
{
∂µf∂
µf
[
(1 + iΛ5)
2
+ (ΛI)
2
+ 2Λ0bΛb0
+
1
2
ΛabΛab
]
−
1
2
∂µf ς˜µabΛcd
(
η0cεabd0 − η0aεcdb0
)
+
1
2
ς˜
a0
µ ς˜
µ0
a
+
1
8
ς˜
ab
µ ς˜
µ
ab
}
,
where εabcd is the Levi-Civita tensor.
The above expression is complicated, so we focus on the vierbein-free (pure
gauge - containing only f and Λ) terms which must vanish independently of
everything else. We obtain for the pure gauge piece:
M
2
ββ∗
δ [f ] δ [f ] ∂µf∂
µf
{
2
[
(ΛI)
2
− (Λ5)
2
]
+ 4Λ0aΛa0 + ΛabΛ
ab
+
1
4
Λ 0a Λ
a
0 +
11
4
− 2Λ 00 +
1
2
(Λ aa + Λ
a
a)
−
1
4
ηabΛ
a
0Λ
b
0 +
1
8
ηabηcdΛ
c
bΛ
d
a
}
,
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where the Λ ba and Λ
a
b are the spacetime representations of Lorentz rotations
and their inverses. This expression is still too complicated, so we again resort
to the special case of Λ corresponding to x-axis velocity boosts. For this case
we obtain:
M
2
ββ∗
δ [f ] δ [f ]∂µf∂
µf
(
5 +
1
4
cosh 2ω + 2 coshω
)
.
This does not vanish unless M = 0, so we do not need to consider anything
else in eq. (14) because it contains either Xµ or the vierbein. Therefore, we
conclude that Xµ is massless.
We now examine the case that the field strength tensor Fµν is the same as
other gauge theories. The arguments for this assumption will be deferred until
section 6. We obtain for Fµν = [Dµ, Dν]:
Fµν =
1
4
ωµabωνcd
[
σab, σcd
]
+
1
2
(∂µωνab − ∂νωµab)σ
ab (15)
+
β
2
(
ωµab
[
σab, Xν
]
− ωνab
[
σab, Xµ
])
+ β2 [Xµ, Xν ] + β (∂µXν − ∂νXµ) .
The first two terms lead to the Einstein-Hilbert Lagrangian, κR, of general
relativity by making use of the identity,
[
σab, σcd
]
= ηbcσad+ ηadσbc− ηbdσac−
ηacσbd. One obtains:
1
4
ωµabωνcd
[
σab, σcd
]
+
1
2
(∂µωνab − ∂νωµab)σ
ab
=
1
2
(
∂µωνab − ∂νωµab + ωµacω
c
ν b − ωνacω
c
µ b
)
σab,
which is just 12Rµνabσ
ab, where Rµνab is the Riemann curvature tensor written
in terms of the vierbein embedded in ωρjk instead of the more familiar gµν , Γ
µ
ρν ,
and their derivatives. The familiar form of the curvature tensor is obtained
by contraction with the vierbein, Rµνρσ = R
mn
µν emρenσ, with R following from
further contractions. The term β2 [Xµ, Xν ]+β (∂µXν − ∂νXµ) is the Yang-Mills
field strength tensor appearing in quantum field theory. The coupling between
the new gauge field and general relativity comprises the remaining part of eq.
(15).
Obtaining the free-field Lagrangian is complicated by the fact that the free-
field term of general relativity comes from a contraction containing Fµν whereas
the Yang-Mills free-field term is proportional to Tr
(
F †µνF
µν
)
. If we are to
recover general relativity from eq. (15), then it would appear that we should
perform the required contraction of eq. (15). The resulting field equations
will give non-propagating equations for Xµ. It would seem that to obtain
propagating field equations for Xµ, we would have to use the term Tr
(
F †µνF
µν
)
.
Unfortunately, this choice would result in the wrong field equations for the
theory of general relativity. If we can show that R is invariant under CPTΛ
gauge transformations, then we could ”peel-off” the terms in eq. (15) which
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contain only the metric spin connection terms leading to R and consider the
rest of eq. (15) for use in a Yang-Mills Lagrangian.
The starting point of the argument is to calculate the transformation of R in
terms of the transformation of gµν , ∂ρgµν , etc. because these terms transform
more simply than ωµab or ∂νωµab (we are viewing ωµab as in the second-order
formalism). We begin with the relation between the manifold metric tensor and
the vierbein, gµν = ηabe µa e
ν
b . By substituting eq. (1) into this expression, we
obtain under gauge CPTΛ transformations gµν → (Θ [−f ] + Θ [f ]) gµν . Dif-
ferentiation of this expression gives ∂ρg
µν → (Θ [−f ] + Θ [f ]) ∂ρg
µν . These
two expressions give us the transformation of the Christoffel symbols, Γµνρ →
(Θ [−f ] + Θ [f ]) Γµνρ, and curvature scalar, R → (Θ [−f ] + Θ [f ])R. Hence, R
is invariant under gauge CPTΛ transformations except for a removable singu-
larity along the boundaries where f = 0. This removable singularity has no
effect on the action integral, so we can indeed ”peel-off” the terms in eq. (15)
which contain only the metric spin connection terms contributing to R.
We now examine one possible Yang-Mills Lagrangian obtained from eq. (15).
One notes that Y µ and Y˜ µ contain ςµabσ
ab and ς˜µabσ
ab which contain vierbein
terms. To avoid additional complicated calculations due to the vierbein, we
retain the spin connection ωµab in Dµ (Dµ = ∂µ +
1
2ωµabσ
ab + βXµ) so that
ς
µ
abσ
ab and ς˜µabσ
ab disappear when Xµ is introduced. This choice does not
actually ”peel-off” the terms contributing to R but rather assumes that the
contribution of the resulting Yang-Mills Lagrangian to the total Lagrangian is
weaker than κR. One obtains after straightforward substitutions and lengthy
calculations:
Tr
{
FµνF
µν†
}
→ Tr
{
Θ [−f ]FµνF
µν† + Θ [f ] F˜µν F˜
µν† (16)
+2Θ [−f ] δ [f ]∂µf
(
Fµν
(
D˜ν −Dν + Cν
)†
+ h.c.
)
+2Θ [f ] δ [f ] ∂µf
(
F˜µν
(
D˜ν −Dν + C˜ν
)†
+ h.c.
)
+2δ [f ] δ [f ]∂µf∂νf
[
gµν
(
D˜ρ −Dρ
)(
D˜ρ −Dρ
)†
−
(
D˜ν −Dν
)(
D˜µ −Dµ
)†]
+2Θ [−f ] δ [f ] δ [f ] ∂µf∂νf
[
gµν
((
D˜ρ −Dρ
)
Cρ† + h.c.
)
+gµνCρC
ρ† −
((
D˜ν −Dν
)
Cµ† + h.c.
)
− CνCµ†
]
+2Θ [f ] δ [f ] δ [f ]∂µf∂νf
[
gµν
((
D˜ρ −Dρ
)
C˜ρ† + h.c.
)
+gµνC˜ρC˜
ρ† −
((
D˜ν −Dν
)
C˜µ† + h.c.
)
− C˜νC˜µ†
]
+2Θ [−f ]
(
Fµν
(
∂µ
[
Θ [−f ] δ [f ] ∂νfJ +Θ [f ] δ [f ]∂νfJ˜
])†
+ h.c.
)
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+2Θ [f ]
(
F˜µν
(
∂µ
[
Θ [−f ] δ [f ]∂νfJ +Θ [f ] δ [f ] ∂νfJ˜
])†
+ h.c.
)
+2δ [f ] ∂µf
((
D˜ν −Dν
)(
∂µ
[
Θ [−f ] δ [f ] ∂νfJ +Θ [f ] δ [f ]∂νfJ˜
]
−∂ν
[
Θ [−f ] δ [f ] ∂µfJ +Θ [f ] δ [f ] ∂µfJ˜
])†
+ h.c.
)
+2Θ [−f ] δ [f ]∂µf
(
Cν
(
∂µ
[
Θ [−f ] δ [f ]∂νfJ +Θ [f ] δ [f ] ∂νfJ˜
]
−∂ν
[
Θ [−f ] δ [f ] ∂µfJ +Θ [f ] δ [f ] ∂µfJ˜
])†
+ h.c.
)
+2Θ [f ] δ [f ] ∂µf
(
C˜ν
(
∂µ
[
Θ [−f ] δ [f ] ∂νfJ +Θ [f ] δ [f ]∂νfJ˜
]
−∂ν
[
Θ [−f ] δ [f ] ∂µfJ +Θ [f ] δ [f ] ∂µfJ˜
])†
+ h.c.
)
+2 (∂µ [Θ [−f ] δ [f ]∂νfJ ])
(
∂µ
[
Θ [−f ] δ [f ]∂νfJ +Θ [f ] δ [f ]∂νfJ˜
]
−∂ν
[
Θ [−f ] δ [f ] ∂µfJ +Θ [f ] δ [f ] ∂µfJ˜
])†
+2
(
∂µ
[
Θ [f ] δ [f ] ∂νfJ˜
]) (
∂µ
[
Θ [−f ] δ [f ]∂νfJ +Θ [f ] δ [f ] ∂νfJ˜
]
−∂ν
[
Θ [−f ] δ [f ] ∂µfJ +Θ [f ] δ [f ] ∂µfJ˜
])†}
,
where (Ω + h.c.) means
(
Ω + Ω†
)
( Ω being a generic expression appearing in
eq. (16)), and we have introduced the following definitions:
Cµ =
[
Dµ − ∂µ, iγ
5Λψ
]
C˜µ =
[
D˜µ − ∂µ, iγ
5Λψ
]
J = I − iγ5Λψ
J˜ = −I − iγ5Λψ.
Before simplifying eq. (16), we must discuss the treatment of terms con-
taining (∂µ [Θ [±f ] δ [f ]∂νfM ]) where M consists of anything which does not
include Θ or δ. Using integration by parts, it is easily seen that
(∂µ [Θ [±f ] δ [f ] ∂νfM ])N = −Θ [±f ] δ [f ] ∂νfM (∂µN) ,
where N also can be anything which does not include Θ or δ. Unfortunately,
(∂µ [Θ [±f ] δ [f ]∂νfM ]) always appears with things containing Θ and δ in eq.
(16), some of which cannot be dealt with using integration by parts. We use
the expression [4] ∂µ (α∆) = (∂µα)∆+α (∂µ∆), where ∆ is a distribution and
α is an ”ordinary” function, to see if it can be extended to an α which also
includes Θ [±f ]. Setting α = Θ [±f ]M and ∆ = δ [f ]∂νf , one obtains:
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∂µ [Θ [±f ] δ [f ]∂νfM ] = {(±1) δ [f ] ∂µfM +Θ [±f ]∂µM} δ [f ]∂νf (17)
+Θ [±f ]M∂µ (δ [f ]∂νf) .
As expected, this expression gives the same result for (∂µ [Θ [±f ] δ [f ] ∂νfM ])N
as using integration by parts. So, we optimistically promote eq. (17) to the
status of an identity for use in simplifying eq. (16). Use of eq. (17) as an
identity eventually leads to:
Tr
{
FµνF
µν†
}
→ Tr
{
Θ [−f ]FµνF
µν† +Θ [f ] F˜µν F˜
µν† (18)
+δ [f ]∂µf
((
Fµν
(
D˜ν −Dν + Cν
)†
+ F˜µν
(
D˜ν −Dν + C˜ν
)†)
+ h.c.
)
+2δ [f ] δ [f ]∂µf∂νf
(
gµν
(
D˜ρ −Dρ
)(
D˜ρ −Dρ
)†
−
(
D˜ν −Dν
)(
D˜µ −Dµ
)†)
+δ [f ] δ [f ] ∂µf∂νf
[
gµν
((
D˜ρ −Dρ
)
Cρ† + h.c.
)
+ gµνCρC
ρ†
−
(
D˜ν −Dν
)
Cµ† − Cν
(
D˜µ −Dµ
)†
− CνCµ†
+gµν
((
D˜ρ −Dρ
)
C˜ρ† + h.c.
)
+ gµνC˜ρC˜
ρ† − C˜νC˜µ†
−
(
D˜ν −Dν
)
C˜µ† − C˜ν
(
D˜µ −Dµ
)†]
+δ [f ]∂µf
[
(∂νF
µν)J† +
(
∂νF˜
µν
)
J˜† + h.c.
]
+δ [f ] δ [f ] ∂µf∂νf
[(
∂µ
(
J + J˜
))(
D˜ν −Dν
)†
−gµν
(
∂ρ
(
J + J˜
))(
D˜ρ −Dρ
)†
+ h.c.
]
+δ [f ] δ [f ] ∂µf∂νf
[
(∂µJ)Cν† +
(
∂µJ˜
)
C˜ν†
−gµν
(
(∂ρJ)C†ρ +
(
∂ρJ˜
)
C˜†ρ
)
+ h.c.
]
+δ [f ] δ [f ] ∂νf
[
∂µJ (∂
νf∂µJ − ∂µf∂νJ)
†
+∂µJ˜
(
∂νf∂µJ˜ − ∂µf∂ν J˜
)†]}
.
We again focus our attention on the pure gauge terms appearing in eq. (18).
One obtains:
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Tr
{
δ [f ] δ [f ]∂νf
[
∂µJ (∂
νf∂µJ − ∂µf∂νJ)
†
(19)
+∂µJ˜
(
∂νf∂µJ˜ − ∂µf∂νJ˜
)†]}
= Tr
{
δ [f ] δ [f ]∂νf∂
νf
[
(∂µΛψ) (∂
µΛψ)
†
+
(
∂µΛψ
)(
∂µΛψ
)†]}
−Tr
{
δ [f ] δ [f ]∂νf∂
µf
[
(∂µΛψ) (∂
νΛψ)
†
+
(
∂µΛψ
)(
∂νΛψ
)†]}
= 8δ [f ] δ [f ]∂νf∂
νf {(∂µΛI) (∂
µΛI)− (∂µΛ5) (∂
µΛ5)}
−8δ [f ] δ [f ] ∂νf∂
µf {(∂µΛI) (∂
νΛI)− (∂µΛ5) (∂
νΛ5)}
+2Tr
{
δ [f ] δ [f ] ∂νf∂
νf
(
∂µΛabσ
ab
) (
∂µΛcdσ
cd
)†}
−2Tr
{
δ [f ] δ [f ] ∂νf∂
µf
(
∂µΛabσ
ab
) (
∂νΛcdσ
cd
)†}
.
This appears not to vanish; however, we return to our special case of Λ cor-
responding to (variable) x-axis boosts just to make sure. One obtains for eq.
(19):
0 6= 8δ [f ] δ [f ]∂µf∂νf
{
gµν
[(
∂ρ cosh
ω
2
)(
∂ρ cosh
ω
2
)
+
(
∂ρ sinh
ω
2
)(
∂ρ sinh
ω
2
)]
−
(
∂µ cosh
ω
2
)(
∂ν cosh
ω
2
)
−
(
∂µ sinh
ω
2
)(
∂ν sinh
ω
2
)}
.
Because the pure gauge terms do not vanish, we know that the transformation of
this type of Yang-Mills Lagrangian Tr
{
FµνF
µν†
}
is not invariant under gauge
CPTΛ transformations. Therefore, we conclude that this choice of Yang-Mills
Lagrangian is not the free-field Lagrangian for Xµ.
6 EXPERIMENTAL PREDICTIONS
Unfortunately, because we do not have a complete theory, assumptions based
on heuristic arguments must also be introduced in order to make physical pre-
dictions. We use the context of the galactic dark matter problem as a possible
application of the new force, in part, because of the lack of direct evidence for
dark matter. It would seem logical to consider the alternative possibility of a
new force which is responsible for the unexplained motion of galactic material.
CPT is worth looking at for the origin of a new force simply because there are
no other experimentally verified fundamental symmetries to turn to. The other
logical possibility of a new force along with new matter will not be considered
here; the following discussion assumes no missing types of matter are involved.
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Barring a complicated conspiracy between matter and forces, we see that a
new force must produce a mass independent acceleration, i.e., obey the equiv-
alence principle. The general reasoning behind expecting Xµ to produce such
a force is presented in the introduction. Additionally, the xµab components
argue for the obeyance of the equivalence principle by Xµ because they are
required - in part - to compensate for the inhomogeneous terms arising from
the transformation of ωµab. Specifically, we assume that the xµab components
will reflect the principle of equivalence via the direct alteration of ωµab beyond
the xµab contribution to Tµν . It is this modification (viewing ωµab as in the
Palatini formalism), ωµab → ωµab + xµab, rather than gravity sourced by dark
matter, which appears as a universal acceleration by modifying the curvature
tensor Rµνab. Thus, we are extending the principle of equivalence by including
all spacetime symmetries. Experimental predictions based directly upon xµI
and xµ5 will not be addressed in this paper.
That regions of HI well beyond the stellar disk follow a flat galactic rotation
curve implies that a new force must also be ”long range” given the dearth of
known matter beyond the stellar disk. The fact that Xµ is massless rules out
a Yukawa potential for the Xµ field. However, although Xµ is also a spin-1
field living in four dimensions, we cannot conclude that the new force follows
an inverse square law without knowing the propagator. Without the field
equations, we cannot find the propagator.
We argue for a type of Yang-Mills term as part of the Xµ free-field La-
grangian, even though that is not enough to guarantee an inverse square law
without additional conditions. The contribution to the field equations from a
Yang-Mills type of term also provides a clue as to the identity of the galactic
matter which sources the hypothesized Xµ field.
We expect a Yang-Mills type term to survive for the same reason it is present
in other field theories - parallel transport. The key is to look at the terms Yµ
and Y˜µ which appear in the transformation of Xµ. The terms
1
2 ςµabσ
ab and
1
2 ς˜µabσ
ab arise from the transformation of ωµab. This is part of the reason for
the necessity of the xµab terms. Because ωµab is used in the parallel transport
of ψ, we expect xµab to also appear in parallel transport in order to cancel out
1
2 ςµabσ
ab and 12 ς˜µabσ
ab. However, there are additional transformation terms for
xµab arising from iγ
5Λψ and iγ
5Λψ. The terms iγ
5Λψ and iγ
5Λψ also contain
the transformation terms for xµI and xµ5, for example:
YµI = β
−1∂µf
[
1−
(
θˆ · ωˆ
)(
sin
θ
2
sinh
ω
2
)]
,
Yµ5 = β
−1∂µf
(
−i cos
θ
2
cosh
ω
2
)
,
where θ and ω are the parameters for rotations and boosts (θˆ and ωˆ are unit
vectors). These components of Yµ are interesting because they do not vanish in
the absence of local Lorentz rotations, unlike δSD. This indicates that a free-
field term for at least the xµI and xµ5 components contains something which
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does not correspond to parallel transport. However, the appearance of the
Lorentz rotations in Yµab, YµI , and Yµ5 also indicates that parallel transport is
necessary in order to find the free-field term. Because Yang-Mills terms arise
from parallel transport around a loop, we expect a Yang-Mills term to be a
part of the Xµ free-field term. Also, the fact that the Yang-Mills Lagrangian
(without ωµab) is invariant to first order in Λ [2,3] lends plausibility to the
survival of a Yang-Mills term.
If we assume that a Yang-Mills term (with or without ωµab in Dµ) survives
in the Xµ free-field Lagrangian, then we see that chirality plays a prominent
role in the Xµ field equations. One would find the Yang-Mills contribution to
the xµI and xµ5 equations of motion to be (see appendix B):
iψe µa γ
aψ = 4β (∂µxνI − ∂
νx
µ
I );ν and iψe
µ
a γ
aγ5ψ = 4β (∂µxν5 − ∂
νx
µ
5 );ν ,
where ; ν denotes covariant differentiation using the Christoffel symbols. By
simply adding and subtracting these two equations, we can redefine xµI and xµ5
in terms of new field variables, xµL and xµR, whose source terms are the left-
and right-handed chiral terms obtained from ψ. Even though xµL and xµR
completely decouple from ωµab (thereby affecting gravity solely through their
contribution to the energy-momentum tensor Tµν), the special gravitational role
of chirality appears via the Yang-Mills xµab source terms: iψσabe µc γ
cψ.
The hypothesis that neutrinos are the source for the new force is motivated
by three observations. First, Dirac neutrinos, ψν , have fixed chirality. Thus, if
one accepts the ”chirality postulate”, the copious amount of neutrinos emitted
by stars would be the obvious source for the force obtained from Xµ. Second,
massless particles emitted from a finite sized source have the same (monopole)
r−2 distribution as that of a spiral galactic dark matter halo. Third, neutri-
nos have negligible interactions with everything, just like dark matter. It is
important to note that the negligible interactions play a different, important
role compared to dark matter. If the neutrinos did interact appreciably with
matter, then the absorption by the stellar disk would reduce the effect of the
neutrinos and alter the galactic rotation curves. We assume that the small
neutrino mass can be neglected in the following discussion; however, that small
mass, as well as the higher order multipole terms in the neutrino distribution
arising from the stellar distribution in spiral galaxies, afford the opportunity to
detect differences from dark matter predictions.
In order to see why neutrinos play a special role, we examine the source term
iψσabe µc γ
cψ. We use the identity σabγc = 12
{
γc, σab
}
+ 12
(
ηbcγa − ηacγb
)
to
rewrite the source term as:
iψσabe µc γ
cψ =
i
2
e µc ψ
{
γc, σab
}
ψ +
i
2
ebµψγaψ −
i
2
eaµψγbψ.
The terms ψγaψ and ψγbψ are just vector currents. The ψ
{
γc, σab
}
ψ term
produces the spin angular momentum tensor. Now, we can see that the ”purely
matter-matter channel” (Xµ effects from non-neutrino fermions) due to the xµab
terms is highly suppressed, i.e. not observed, for the exact same reasons that
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we do not feel a magnetic force from a tree or get electrocuted when climbing
one. Ordinarily, the vector currents and the spin angular momentum average
to zero in bulk matter; therefore, xµab averages to zero, also.
However, the neutrinos are a different story. An observer outside of a galaxy
will experience neutrinos, ψν , passing through him/her from the galaxy. The
ψν will be dominated by plane waves directed away from the galaxy and towards
the observer. The dominant propagation direction is fixed; therefore, the vector
current source terms for xµab do not average to zero. The fixed propagation
direction combined with the fact that the neutrinos have a fixed chirality means
that the spin angular momentum source terms are also fixed and do not average
to zero. Therefore, not only do we see the importance of chirality, but we also
see that the xµab terms do not vanish in this case.
The conditions which dictate whether the force is repulsive or attractive
cannot be addressed without the full field equations. So, we will settle with
an experimentally verifiable conjecture that the modification of ωµab due to the
chirality of neutrinos results in an additional acceleration towards the source.
We note the possibility that antineutrinos could produce an acceleration away
from the source.
At this point we have only conjured up an explanation ”homomorphic” to the
dark matter hypothesis. The dark matter is replaced by the galactic neutrinos,
and the missing gravitational potential is replaced by Xµ. To see if there is any
reality to Xµ, we need other experiments. We first turn our attention to the
proposed Xµ field produced by our Sun’s neutrinos with the hope of explaining
the Pioneer anomaly.
We begin with the application of Newton’s second law to a particle’s radial
motion, r (t), from the center of the Sun due to gravity and the attractive force
arising from Xµ:
m
d2r
dt2
= −GNMsm
1
r2
− kmϕ (r)
1
r2
, (20)
where m is the particle’s mass, GN is Newton’s gravitational constant, Ms is
the Sun’s mass, k is a constant reflecting the strength of the new force, and
ϕ (r) is a function of the neutrinos contained within a sphere of radius r. The
zero mass of Xµ is assumed to give the inverse square dependence in the term
−kmϕ (r) 1
r2
, while the extension of the equivalence principal appears via the
presence ofm in the same term. We assume that the Sun produces a spherically
symmetric distribution of neutrinos.
The term ϕ (r) requires closer examination. Because of the source term
for xµjk (see appendix B), ϕ (r) is postulated to be related to i2ψνσ
jke µa γ
aψν
which is a simple function (for a plane wavefunction ψν it is proportional to
the number and energy) of the number and energies of the neutrinos contained
within a sphere of radius r, i.e. a function of the neutrino luminosity. Given a
constant rate of fusion within the Sun and neglecting any neutrino interactions
with anything, we have ϕ (r) = Ψs
r
c
for massless neutrinos, where Ψs is the
”luminosity” of ϕ of the Sun. We now obtain a slightly more illuminating form
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of eq. (20):
d2r
dt2
= −GNMs
1
r2
− kΨs
1
cr
. (21)
Unfortunately, eq. (21) cannot explain the Pioneer anomaly. The problem
is with the anomalous acceleration term kΨs
1
cr
which has a r−1 dependence
instead of the observed constant (!) acceleration≈ 8×10−8 cm s-2 [5]. However,
we shall proceed to estimate the value of kΨs
1
cr
for comparison as well as for
other possible experiments.
Because of the homomorphism between the gauge CPTΛ and dark matter
explanations of the galactic rotation curves, we can make use of the ”observed”
dark matter parameters of our galaxy to estimate the value of kΨs. For sim-
plicity, our galaxy is modelled as a thin, radially symmetric disc, neglecting the
influence of the central stellar bulge as it contains only about 15 per cent of the
total galactic mass [6] and, presumably, neutrino luminosity. We begin with
the equation which explicitly describes the homomorphism between the dark
matter gravitational attraction and the attraction due to the force arising from
xµab at the edge Re of our galaxy:
GNMDm
R2e
=
kΨgm
cRe
, (22)
where MD is the dark matter mass contained within a sphere of radius Re,
m is the mass of a star at the disc edge, and Ψg is the luminosity of ϕ from
the entire galactic disc. The disc edge is singled out in order to equate the
monopole terms of the two forces. We note, for later use, that because of the
r−2 mass distribution of the dark matter we have MD
Re
= M(R)
R
, where M (R) is
the mass of the dark halo contained within a radius of R.
Because neutrino luminosity is not measurable for extrasolar sources, we
need to eliminate Ψ in our experimental predictions. We know the photon
luminosity, L, and Ψ are related for a given star depending on the age, mass,
metallicity, etc. because both ultimately arise from the same fusion reactions.
However, we cannot simply assume that because the Sun is an average star with
regards to spectral class that it also is average with regards to the neutrino
luminosity (actually ϕ) of the galactic stellar population. In other words, we
cannot assume
Ψg
Ψs
≈
Lg
Ls
, where Lg and Ls are the photon luminosities of the
galactic disk and the Sun respectively. Instead, we write
Ψg
Ψs
= α
Lg
Ls
, where the
proportionality constant α would be 1 if the Sun is also an average star with
respect to neutrino luminosity. Substitution of this luminosity relationship into
eqs. (21, 22) leads to the anomalous Pioneer acceleration, ap:
ap (r) = kΨs
1
cr
=
GNLsMD
αLgRer
=
GNLsM.5
αLgR.5
r−1, (23)
where M.5 and R.5 are the half-mass and half-mass radius values of the dark
matter halo. We set α = 1 for simplicity; however, we include results with α =
.1 because the emission of Be7, B8, and CNO neutrinos occurs in a narrow range
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of stellar masses [7] as well as to take into account the high photon luminosities
of the relatively rare red giants. We use the following values taken from [6]:
Ls = 3.85 × 10
26 W, Lg = (2.5± 1) × 10
10Ls, MD = 2
+3
−1.8 × 10
12Ms, R.5 =
100+100−80 kpc, and Ms = 1.99 × 10
30 kg. Arbitrarily setting r = 45 au gives
ap (45 au) = 2.55× 10
−11 cm s-2 which is far smaller than the Pioneer anomaly.
By setting α = .1 and using the appropriate uncertainties of Lg, MD, and R.5
to maximize ap, we can obtain ap (45 au) = 5.3 × 10
−9 cm s-2 which is only
about 7 per cent of the Pioneer anomaly.
Although the proposed Xµ field does not explain the Pioneer anomaly, we
can generalize eq. (23) for use in making crude estimates for other possible
experiments. We simply introduce a proportionality constant, η, which relates
the ” ϕ luminosity” of a given source,Ψ, with Ψs: Ψ = ηΨs. If the given source
produces a spherically symmetric distribution of neutrinos, then the discussion
leading to eq. (23) obviously generalizes to:
a (r) = η
GNLsM.5
αLgR.5
r−1.
We can produce more accurate estimations by replacing the dark matter values
with the observed galactic rotation velocity, vc, at the edge (R) of our galaxy
via M (R) =
v2cR
GN
, where vc = 220± 20 km s-1 [6]. One obtains:
a (r) =
ηLsv
2
c
αLg
r−1, (24)
where the acceleration is towards the source for neutrinos. Use of eq. (24)
gives the ”improved” values for ap of ap (45 au) = 2.8× 10
−11 cm s-2 and using
maximizing uncertainties gives 5.6× 10−10 cm s-2.
Because of the large number of antineutrinos produced, we apply eq. (24) to
nuclear reactors. We approximate the antineutrino luminosity of a 1 MW reac-
tor to be 2×1017 ν s-1 at an energy of 6 MeV [8], and the neutrino luminosity of
the Sun to be .023Ls [7], which gives η ≈ 2.17×10
−20 (assuming that the ratio of
the ϕ luminosities is the same as that of the neutrino/antineutrino luminosities).
Setting r = 10 m from the reactor core in eq. (24) gives a (10 m) = 4.1× 10−19
cm s-2 and using the maximizing uncertainties gives 8.2 × 10−18 cm s-2. For
a 200 MW reactor the values are a (10 m) = 8.2 × 10−17 cm s-2 (1.66 × 10−15
cm s-2, maximum uncertainties). Unfortunately, these results preclude any
attempts to track nuclear powered submarines or to detect shielded, clandestine
fissionable material using Xµ.
Accelerators can be used to make large amounts of neutrinos and antineu-
trinos, so we apply eq. (24) to the muon neutrino flux produced by the KEK 12
GeV PS [8]. Ignoring the νµ mass and only considering the peak flux produced
at 2 GeV, one obtains η ≈ 4.09 × 10−13. The acceleration obtained at the
beam dump, r = 300 m, is a (300 m) = 2.6 × 10−13 cm s-2 (5.2 × 10−12 cm
s-2, maximum uncertainties). However, the accelerator values are inaccurate
because the νµ will not have a spherically symmetric distribution.
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Given the difficulty obtaining a detectable effect in the laboratory, we turn
our attention back to solar neutrinos. Conceivably, one could use a probe or-
biting the moon to measure the difference in the probe’s acceleration towards
the Sun when the Earth is at different positions in its orbit during the year. A
lunar probe is used rather than a probe orbiting the Earth in order to avoid at-
mospheric remnants affecting the probe’s motion. Measurements of the probe’s
position during new moon phases allows the moon to be used as a shield from
the stream of solar particles acting on the probe. The maximum difference
will obviously occur between the summer and winter solstices which would give
∆aprobe = 4.3 × 10
−11 cm s-2 (8.5 × 10−10 cm s-2, maximum uncertainties).
These estimates use the mean Earth-moon distance but a zero probe-moon dis-
tance for simplicity. Hopefully, the outstanding techniques used to determine
the anomalous Pioneer accelerations can also be used for this scenario.
7 CONCLUSION
If one accepts the transformations (1) - (4), then all that follows is straightfor-
ward, albeit, tedious. So, the conclusion will briefly address issues regarding a
suitable free-field Lagrangian.
The first is the sign given to the Θ [f ] δ [f ] terms when SD is transformed,
as discussed before introducing eq. (6). The author has never felt completely
comfortable with any argument [2,3] regarding this issue. If one postulates that
all terms in the transformed SD containing Θ [f ] should receive an additional
factor of −1, then one obtains:
δSD =
1
4
∫
δ [f ]∂µfe
µ
a ψγ
5
(
{γa,Λψ}+
{
γa,Λψ
})
ψ |e| d4x.
This is interesting because δSD 6= 0 even when Λψ = Λψ = I. Unfortunately,
the calculations regarding invariance of free-field terms are more complicated
and have not been pursued very far. For example, the transformation of the
mass term is sufficiently complicated that the use of a special case, one pa-
rameter Lorentz rotation does not resolve the issue of whether or not Xµ is
massless.
The origins of additional free-field terms which are not of Yang-Mills form
are of obvious interest. While it is conceivable that the addition of the afore-
mentioned δ [f ]Zµ term to eq. (9) might either restore invariance to a Yang-
Mills Lagrangian or require a new free-field Lagrangian, the discrete nature of
the variations suggests another path to pursue. Although the CPT symmetry
transformation is not continuously connected to the identity, an analogous situ-
ation exists when one looks at the action. The parameter f can be continuously
deformed from f < 0 everywhere (no CPTΛ anywhere) to f > 0 everywhere
(CPTΛ applied everywhere) in an infinite number of ways. Different collec-
tions of open sets corresponding to where f < 0 and f > 0 are produced during
this process; i.e., different topologies are produced. So, we have the possibil-
ity of uncovering additional topological information beyond that which can be
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obtained from gauge fields based upon continuous symmetries. It would seem
that the free-field Lagrangian should reflect this.
The most glaring issue is whether or not a Yang-Mills term is invariant under
local CPTΛ transformations. There are two basic possibilities to consider - with
or without ωµab as part ofDµ. This doubles if one includes a δ [f ]Zµ term in the
transformation of Xµ. If one includes the possibility of the additional factor
of −1 mentioned above, then the number of Yang-Mills terms to be checked
doubles yet again. So, there are eight possible Yang-Mills terms; only the
computationally simplest case was considered in this paper.
APPENDIX A
The use of the transformation eqs. (1-4) and their derivatives leads to terms
containing various products of step functions Θ [±f ] and delta functionals δ [f ]
when calculating transformed actions, etc. We briefly review how to interpret
such terms.
We begin with defining the step function:
Θ [f ] =


0 if f < 0
b if f = 0
1 if f > 0,
where b is a finite real constant (b = 0 in this paper). With this definition of
Θ [f ] it is obvious that we have
Θ [−f ] =


1 if f < 0
b if f = 0
0 if f > 0.
From the expressions for Θ [±f ] we straightforwardly obtain our first well-
defined products:
Θn [f ] ≡ (Θ [f ])n =


0 if f < 0
bn if f = 0
1 if f > 0
and
Θn [−f ] ≡ (Θ [−f ])
n
=


1 if f < 0
bn if f = 0
0 if f > 0,
where n is a positive integer. We see that Θn [±f ] ≈ Θ [±f ], the only difference
being a removable singularity at f = 0. We can now obtain our first mixed
product:
Θn [f ] Θm [−f ] =
{
0 if f 6= 0
bn+m if f = 0,
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where m is also a positive integer. Indeed, Θn [f ] Θm [−f ] ≈ 0, the only dif-
ference again being a removable singularity at f = 0. Because of the choice
b = 0, we have the exact results Θn [±f ] = Θ [±f ] and Θn [f ]Θm [−f ] = 0 in
this paper.
We proceed to products of the type Θn [±f ]h and Θn [f ]Θm [−f ]h, where
h is an ”ordinary” (i.e., not containing any Θ [±f ] or δ [f ]) and ”well-behaved”
(i.e., bounded, continuous, etc.) function comprised of spinors, vierbein, etc.
When appearing as the integrand of a definite integral, Θn [±f ]h is equivalent
to Θ [±f ]h because the removable singularity at f = 0 has no effect on the
integral. Similarly, Θn [f ]Θm [−f ]h appearing in the integrand is equivalent
to 0 because the removable singularity at f = 0 has no effect on the definite
integral. Both product interpretations are trivially true for the choice b = 0.
We are now ready to consider products containing delta functionals. The
starting point is the definition of δ [x]:∫ ∞
−∞
δ [x]hdx = lim
n→∞
∫ ∞
−∞
δn [x]hdx,
where δn [x] is a sequence of well-behaved functions representing (i.e., approx-
imating) the delta functional; δn [x] =
(
n
π
) 1
2 e−nx
2
being a common choice, for
example.
The first product considered is Θ [x] δ [x]:∫ ∞
−∞
Θ [x] δ [x]hdx = lim
n→∞
∫ ∞
−∞
δn [x] Θ [x]hdx.
The function δn [x] Θ [x]h has a discontinuity at x = 0. If b = 0 or 1, then
this is a jump discontinuity; otherwise, this is a jump discontinuity with an
additional removable singularity. Because a removable singularity has no effect
on a definite integral, any choice for b will not affect the discussion regarding
the above integral. However, we will restrict the choices of b to be 0 or 1
for the rest of the appendix because the additional removable singularity will
cause complications when considering the differentiation of some expressions
containing Θ [±f ] to be discussed below. Before considering an arbitrary h, let
us look at the special case h = 1:∫ ∞
−∞
Θ [x] δ [x] dx = lim
n→∞
∫ ∞
−∞
δn [x] Θ [x] dx = lim
n→∞
∫ ∞
0
δn [x] dx =
1
2
,
because δn [x] = δn [−x].
We now take an aside to examine
∫∞
−∞
δn [x]hdx in more detail. As n→∞,∫∞
−∞
δn [x]hdx ≈
∫ ǫ
−ǫ
δn [x] hdx, where ǫ becomes an infinitesimal, because the
width of δn [x] decreases and h is bounded. By the continuity of δn [x]h, we
know that
∫ ǫ
−ǫ
δn [x]hdx = 2ǫ (δn [xv]h (xv)) for some value of xv such that
−ǫ ≤ xv ≤ ǫ with xv → 0 as ǫ → 0, i.e., as n → ∞. So, we see that∫∞
−∞
δn [x]hdx ≈ 2ǫ (δn [xv]h (xv)) as n→∞. The introduction of Θ [x] simply
changes the limits of integration:
∫∞
−∞
Θ [x] δn [x]hdx =
∫∞
0
δn [x]hdx. Because
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δn [x] = δn [−x] and xv → 0, we see that
∫∞
0
δn [x]hdx ≈ ǫ (δn [xv]h (xv)) as
n→∞. Hence, we see that Θ [f ] δ [f ] integrates the same as 12δ [f ]. Obviously,
Θ [−f ] δ [f ] also integrates the same as 12δ [f ].
Another product appearing in calculations is Θ [f ] Θ [−f ] δ [f ]. We again
examine the corresponding expression:∫ ∞
−∞
Θ [x] Θ [−x] δ [x]hdx = lim
n→∞
∫ ∞
−∞
δn [x] Θ [x] Θ [−x]hdx.
As discussed above, Θ [x] Θ [−x] = 0, ∀x 6= 0 with the possible exception of a
removable singularity at x = 0. Therefore,
∫∞
−∞
δn [x] Θ [x] Θ [−x]hdx = 0. So,
anything in the calculations which contains Θ [f ]Θ [−f ] δ [f ] is dropped.
The final product which appears in the calculations is the mathematically
undefined δ [f ] δ [f ]. Our interpretation of any term containing this product is
that such a term is unphysical. It is precisely because of the appearance of this
product that the Xµ field is massless - the only way to eliminate this product
in the transformation of MTr
(
XµX
µ†
)
is to set the mass M equal to 0. The
unavoidable appearance of δ [f ] δ [f ] in the transformation of the specific type
of Xµ free-field Lagrangian considered in this paper is the reason for rejecting
that Lagrangian.
We now examine derivatives of things containing Θ [±f ] and δ [f ] which
appear in this paper. First, it is well-known that the derivative of a step
function is a delta functional: ∂µ (Θ [±f ]) = ±δ [f ] ∂µf . Taking the derivative
of a function with a jump discontinuity is also well-known: ∂µ (Θ [±f ]h) =
Θ [±f ]∂µh± hδ [f ]∂µf .
Unless b = 0, the expression ∂µ (Θ [f ]Θ [−f ]) is mathematically undefined
because that is trying to take the derivative of a single point. This is part of
the reason why b is chosen to be 0 in this paper.
Finally, we consider ∂µ (Θ [±f ] δ [f ] ∂νfh). To understand this term, we
look at the expression {∂µ (Θ [±f ] δ [f ]∂νfh)} g and use integration by parts:
{∂µ (Θ [±f ] δ [f ] ∂νfh)} g = −Θ [±f ] δ [f ]∂νfh (∂µg). This can be treated as
above provided g does not contain Θ [±f ] or δ [f ]. If g contains Θ [±f ] or δ [f ],
then the fatal δ [f ] δ [f ] terms will arise.
One result which has not been rigorously proven is the use of eq. (17) as an
identity. If this equation is not valid, then eq. (16) must be dealt with again.
APPENDIX B
The transformation of the metric spin connection ωµab under local CPTΛ trans-
formations is given for completeness. The transformation is obtained by simply
substituting the transformation of the vierbein, eq. (1), into the definition of
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the metric spin connection given after eq. (4). We obtain:
ω˜µab =
1
2
{
e νd (∂µecν − ∂νecµ)
(
Λ da Λ
c
b − Λ
d
b Λ
c
a
)
+ ηcd
(
Λ da ∂µΛ
c
b − Λ
d
b ∂µΛ
c
a
)
−e νd ecµ
(
Λ da ∂νΛ
c
b − Λ
d
b ∂νΛ
c
a
)
− Λ caΛ
r
b
[
e ρc e
σ
r (∂ρepσ − ∂σepρ) e
p
µ
+
(
∂ρΛ
s
p
)
Λpd (ηrse
ρ
c − ηcse
ρ
r ) e
d
µ
]}
.
ς˜µab =
1
2
{
∂νf
[
e νd
(
Λ db eaµ − Λ
d
a ebµ
)
− e νd ecµ
(
Λ da Λ
c
b − Λ
d
b Λ
c
a
)
−e νc e
d
µΛ
p
d
(
ηpr (Λ
c
aΛ
r
b − Λ
r
a Λ
c
b ) +
(
ηbpΛ
c
a − ηapΛ
c
b
))]
+∂µf
(
ηbdΛ
d
a − ηadΛ
d
b
)}
.
ςµab =
1
2
{∂νf [2 (e
ν
a ebµ − e
ν
b eaµ) + ecµ (e
ν
a Λ
c
b − e
ν
b Λ
c
a )
−edµΛ
c
d (ηace
ν
b − ηbce
ν
a )
]
− ∂µf (ηacΛ
c
b − ηbcΛ
c
a )
}
.
The equations of motion obtained from a ”peel-off” Yang-Mills Lagrangian
density, Hµν , are straightforwardly determined by using the Euler-Lagrange
equations on a curved manifold. The action used is:
S =
∫
{κR−mψψ +
i
2
e µa ψγ
a
(
∂µψ +
1
2
ωµbcσ
bcψ + βXµψ
)
}ed4x
−
∫ {
i
2
e µa
(
∂µψ −
1
2
ωµbcψσ
bc + β∗ψγ0X†µγ
0
)
γaψ
}
ed4x
+
∫ {
1
4
Tr
(
ηrsηjke µr e
θ
s e
ν
j e
φ
k HµνH
†
θφ
)}
ed4x,
where
Hµν =
β
2
(
ωµab
[
σab, Xν
]
− ωνab
[
σab, Xµ
])
+ β2 [Xµ, Xν ] + β (∂µXν − ∂νXµ) .
We obtain:
ie µa γ
a
(
∂µψ +
1
2
ωµbcσ
bcψ + βXµψ
)
−mψ = 0 (the Dirac equation),
iψe µa γ
aψ = 4β (∂µxνI − ∂
νx
µ
I );ν and
iψe µa γ
aγ5ψ = 4β (∂µxν5 − ∂
νx
µ
5 );ν (the chiral terms of Xµ),
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iψσjke µa γ
aψ =
{
Tr
[(
β
2
(
ωνab [σab, X
µ]− ωµab [σab, X
ν]
)
+ β2 [Xν , Xµ]
+β (∂νXµ − ∂µXν))σjk†
]}
;ν
−Tr
[(
β
2
(
ωνab [σab, X
µ]− ωµab [σab, X
ν ]
)
+ β2 [Xν, Xµ]
+β (∂νXµ − ∂µXν))
(
1
2
ωνcd + β
∗x∗νcd
)
×γ0
[
σdc, σjk
]
γ0
]
(the xµjk terms of Xµ),
(
eqλepα − eqαepλ
)
;α
= ω pnµ
(
e λn e
qµ − eqλe µn
)
+ ω nqµ
(
e λn e
pµ − e µn e
pλ
)
+
i
4
ψ
{
γλ, σqp
}
ψ
+
1
4
Tr
{[
β [σqp, Xµ]
(
β∗
2
(
ωλab
[
X†µ, σ
ab†
]
−ωµab
[
Xλ†, σab†
])
+ β∗2
[
X†µ, X
λ†
]
+β∗gλν
(
∂νX
†
µ − ∂µX
†
ν
))]
+ h.c.
}
(spin connection)
and,
Rµν −
1
2
Rgµν = −κ
2Tµν (general relativity).
We see that the xµI and xµ5 components of Xµ decouple from the rest of Xµ
and ωµab. Also, the equation for xµ5 is valid only for a massless Dirac field which
suggests a quantum anomaly [9,10] or a missing term from the Lagrangian.
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